The time-reversal imaging with multiple signal classification method for the location of point targets developed within the framework of the Born approximation in Lehman and Devaney ͓''Transmission mode time-reversal super-resolution imaging,'' J. Acoust. Soc. Am. 113, 2742-2753 ͑2003͔͒ is generalized to incorporate multiple scattering between the targets. It is shown how the same method can be used in the location of point targets even if there is multiple scattering between them. On the other hand, both the conventional images and the calculated values of the target scattering amplitudes are scattering model-dependent.
I. INTRODUCTION
Time-reversal ͑TR͒ methods have been of interest for a number of years, with applications ranging from medicine, to communications, to radar, and to imaging in general.
1-6 A particular TR technique that has received much attention is a TR imaging with multiple signal classification ͑MUSIC͒ method for the location of point targets ͑whose size is much smaller than the wavelength͒ established first for coincident arrays, 7 and elaborated further in a recent generalization to noncoincident arrays and nonreciprocal media 8 and a recent super-resolution analysis based on real data. 9 This TR imaging with MUSIC method blends the original TR focusing 10, 11 with signal subspace methods, in particular, with the MUSIC estimation technique. In its basic form the method is designed to deduce the location of point targets embedded in a known background medium from knowledge of the measured multistatic response matrix K of an acoustic or electromagnetic transceiver array actively interrogating the targets. It provides a powerful approach for locating targets in both homogeneous and heterogeneous backgrounds, especially in cases of closely spaced targets and/or very sparse transceiver arrays. However, these developments are based on the ͑distorted wave͒ Born approximation. The present letter addresses the corresponding generalization if there is nonnegligible multiple scattering between the targets.
II. GENERALIZATION INCLUDING MULTIPLE SCATTERING BETWEEN THE TARGETS
We consider an array of N time-harmonic transceivers located at the space points R j , for jϭ1,2, . . . ,N. Each transceiver can radiate into a reciprocal propagating medium in which are embedded M ϽN point targets having unknown positions X m and unknown target scattering amplitudes m , for mϭ1,2, . . . ,M . For simplicity, we model the field radiated by the jth transceiver as the scalar field G(r,R j )e j where G(r,rЈ) is the Green function of the propagating medium ͑in principle, the ''medium'' can include the transceivers themselves so inter-transceiver coupling can be built in this Green function͒ and e j is the excitation applied to the transceiver.
A. Review of the TR imaging with MUSIC method
Under the Born approximation the TR imaging with MUSIC method is based on the fact that, for fewer targets than transceivers, the space C N of voltage vectors applied to the N-transceiver array can be decomposed into the direct sum C N ϭS N, where the signal subspace S is orthogonal to the noise subspace N, where S is spanned by the principal eigenvectors i of the TR matrix TϭK † K ͑where † denotes the adjoint͒ having nonzero eigenvalues ͑if there are M ϽN targets then there are at most M such eigenvalues indexed from 1 to M ) whereas N is spanned by the eigenvectors i of T having zero eigenvalues ͑if there are M ϽN targets then there are at least NϪM such eigenvalues indexed from M ϩ1 to N). The key result is that the TR matrix T is essentially a projection operator onto the space spanned by the complex conjugates g m * of the Green function vectors defined
t where t denotes the transpose, so that in general the principal eigenvectors of T are linear combinations of the g m *'s. It follows from this and the orthogonality of the signal and noise subspaces that the target locations must correspond to the poles in the MUSIC pseudospectrum
where for all iϭM ϩ1,M ϩ2, . . . ,N the inner product ͗ i *͉g p ͘ϵ i t g p ϭ0 whenever X p is the actual location of one of the targets.
B. Our main results
Essentially, what we show next is that not only for the Born-approximated model but also for the more general case when there is multiple scattering between the targets the TR matrix T is a projection operator onto the space spanned by the complex conjugates g m * of the Green function vectors g m so that in general the principal eigenvectors of T are linear combinations of the g m *'s. It follows that the same TR imaging with MUSIC method described in connection with Eq. ͑1͒ can be used in the location of point targets even if there is multiple scattering between them. On the other hand, both the conventional TR images, 10, 11 corresponding to backpropagations of the principal eigenvectors, and the calculated values of the target scattering amplitudes are scattering model-dependent.
C. Formulation
The exact scattered field j (s) (r) at position r due to the excitation of the jth transceiver alone can be expressed as the Newman series
where ␦ .,. denotes the Kronecker delta. The first sum in Eq.
͑2͒ corresponds to the Born-approximated case, the second sum corresponds to the second-order scattering contribution, and so on. The multistatic response matrix K, whose entry K l, j is defined as the value of the scattered field detected at the lth transceiver ͑in receive mode͒ due to the unit excitation at the jth transceiver ͑in transmit mode͒, can be shown from Eq. ͑2͒ to be given by ͑see also Borcea et al. 12 ͒
where
͑the approximation ⌳ m t Ӎg m t yields the multistatic response matrix in the Born-approximated model͒. It follows from Eq. ͑3͒ that the TR matrix TϭK † KϭK*K, where the second equality follows from reciprocity, can be expressed as
Put in this form, the TR matrix T is identified to be under the most general multiple scattering conditions a projection operator onto the space spanned by the complex conjugates g m * of the Green function vectors g m so that in general the principal eigenvectors of T are linear combinations of the g m *'s, with the music pseudospectrum D(X p ) in Eq. ͑1͒ having poles at the locations of the targets, as desired. We illustrate this generalization next for a few canonical examples based on the free space Green function in two-dimensional space.
D. TR imaging with MUSIC in the second-order scattering case
In the following computer illustrations we consider the second-order scattering approximation of the preceding general theory. Our main goal is to show that despite the presence of non-negligible second-order scattering the TR imaging with MUSIC method works well in predicting the target locations. We will introduce a normalized quantity, to be referred to as ''the second-order scattering contribution factor,'' and defined as ϭ͉Tr͓(K 2nd ϪK Born )*(K 2nd ϪK Born )͔͉/Tr(T Born ), where Tr denotes the trace, K Born and T Born are the multistatic response matrix and the TR matrix, respectively, assuming the Born approximation, and K 2nd is the multistatic response matrix for a more general secondorder scattering model, as a way to quantify the global effect of the second-order scattering contribution relative to that of the first-order scattering term alone as seen by the array in receive mode. This factor measures the deviation of the data matrix (K), as determined by the energy norm or inner product metric, relative to the purely Born-approximated vector, due to the second-order scattering contribution. This means that in the 0.3 target separation configuration the amount of additional signal due to the presence of second-order scattering is of the order of the Bornapproximated signal alone as perceived by the array in receive mode. In the 0.1 target separation case the presence of second-order scattering is even more dominant. Yet the TR imaging with MUSIC was found to succeed in determining the target locations. More complicated seven and eight target configurations forming a J and having significant secondorder scattering contribution factors of ϭ0.31 and ϭ0.30, respectively, are considered in Fig. 2 . The method works well in predicting the target locations but for the eight target case the prediction for one of the target locations, in particular, the one at the plot coordinates (0,Ϫ4), has a slight error which we attribute to computational sensitivity under reduced noise subspace conditions ͑in this extreme case when M ϭ8 and Nϭ9 the noise subspace has a single eigenvector͒.
E. Time-reversed images: Born-approximated versus second-order scattering cases
The field radiated by the array due to excitation with an arbitrary voltage vector is (r)ϭ͚ jϭ1 N G(r,R j )e j . In the original TR focusing one obtains backpropagated images ͑r͒ of the targets by replacing the arbitrary input voltage vectors in this expression with the principal eigenvectors of the TR matrix. If there is no second-order scattering between the targets then the principal eigenvectors are precisely the complex conjugates of the Green function vectors and each one of them is associated with ͑focuses on͒ a particular target. Consequently, as shown in Fig. 3͑a͒ , corresponding to the 4 target separation case in Fig. 1 , in the Bornapproximated case each ''eigenimage'' focuses on a particular, corresponding target ͑in the plots we have superimposed an X in the location of the corresponding target͒. On the other hand, if there is second-order scattering between the targets, then the principal eigenvectors become linear combinations of the complex conjugates of the Green function vectors so that each eigenimage focuses in general on more than one target ͑this is somehow similar to the results in Ref.
11 for non-well-resolved targets͒. Figure 3͑b͒ illustrates this effect for the second-order scattering case where each eigenimage is seen to focus on both targets.
F. Target scattering amplitudes: Born-approximated versus second-order scattering cases
In the general case including multiple scattering considered here, once the target locations are determined from the poles in the MUSIC pseudospectrum one can compute the unknown target scattering amplitudes by substituting the values of these locations in Eq. ͑3͒ and solving the resulting system of equations. In general, such computed values will depend on the scattering model employed, being more exact for a more exact scattering model. To illustrate this let us assume that in reality the response obeys a second-order scattering model. If we try to determine the scattering amplitudes considering a Born-approximated model then we will have model-induced errors. Figure 4 shows, again for the geometry in Fig. 1 , the mean square error ͑MSE͒ in the estimation of the scattering amplitudes ͑as measured relative to the more exact second-order scattering model͒ as a function of target separation. The errors are significant ͑relative to the value 1 ϭ 2 ϭ1) for targets in close proximity, as expected ͑second-order scattering becomes then more prevalent͒.
III. CONCLUSION
In this letter we showed that the TR imaging with MU-SIC method can be used to locate point targets not only in the usual framework of the Born approximation but also in more general nonlinear scattering frameworks where there is multiple scattering between the targets. This finding is important toward practical implementations of the TR technique facing multiple scattering effects. The super-resolution results of a previous paper 9 can now be better characterized theoretically in the multiple scattering regime. They were also corroborated numerically for second-order scattering ͑see Fig. 1͒ . The method was found to work well even for a large number of targets relative to the number of transceivers ͑see 
